External Electromagnetic Fields of a Slowly Rotating 
Magnetized Star with Gravitomagnetic Charge 



B. J. Ahmedov 1 ' 2 ' 3 • A. V. Khugaev 1 • 
A. A. Abdujabbarov 1 ' 2 ' 4 



o 

(N 
On! 

in 



m . 

: 

Or 

i < 

o ■ 



> 

(N 
(N 
oo 
q 

ON 

o 



X 



Abstract 

We study Maxwell equations in the external back- 
ground spacetime of a slowly rotating magnetized NUT 
star and find analytical solutions for the exterior elec- 
tric fields after separating the equations of electric field 
into angular and radial parts in the lowest order approx- 
imation. The star is considered isolated and in vacuum, 
with dipolar magnetic field aligned with the axis of ro- 
tation. The contribution to the external electric field 
of star from the NUT charge is considered in detail. 

Keywords General relativity; Kerr-Taub-NUT space- 
time; Electromagnetic fields. 



1 Introduction 

The existence of strong electromagnetic fields is one 
of the most important features of rot ating magne 



tized neutron stars obs erved as pulsars (IHewish et al 
Il968[ ) and magnctars ( Duncan and Thompson 1992 ). 



It wa s shown starting pioneering paper of iDeutsch 
( 19551) ;hat the electric field is induced due to the 
rotation of highly magnetized star. The general rel- 
ativistic effect of dragging of inertial frames is a source 
of additional electric field around rotating magne- 
tized relativistic stars ( Muslimov and Hardin j 1997 ; 
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2004;lKoiima et al. 2004). 



One of the exotic solution of the Einstein's equa- 
tion of general relativity is achieved by introducing 
an extra nontrivial parameter, the so-called gravit- 
omagnetic monopole moment or NUT charge. The 
generalized solution describing spacetime of a local- 
ized stationary and axisymmetric object with nonvan- 
ishing gravitomagnetic charge is known as the Kerr- 
Taub-NUT, where NUT stand s for Newman-Unti- 
Tamburino ([Newman et al.lll963l ). In the presence of 



the NUT charge the spacetime loses its asymptotically 
flatness property and, in contrast to the Kerr spacetime, 
becomes asymptotically nonflat. One of the features of 
the spacetime with NUT charge is that the later has no 
curvature singularity, there are conical singularities on 
its axis of symmetry that result in the gravitomagnetic 
anal ogue of Diracs string quantization co ndition (see 



Misnerl Il963[ iMisner and Taubl Il968l ). The 



e.g. 

ical singularities can be removed by imposing an ap- 
propriate periodicity condition on the time coordinate. 
However, this generates closed timclike curves in the 
spacetime that makes it hard to interpret the solution 
as a regular black hole. In an alternative interpretation, 
one may consider the conical singularities as the source 
of a physical strin g threading th e spacetime along the 
axis of symmetry ( Bonnor 19691 ) . In spite of these un- 
desired features, the NUT solution still serves as an 
attractive example of spacetimes with asymptotic non- 
flat structure for exploring various physical phenomena 
in general relativity. 

At present there is no any observational evidence for 
the existence of gravitomagnetic monopole or magnetic 
mass. Therefore it is interesting to study the elec- 
tromagnetic fields in NUT space with the aim to get 
new tool for studying new important general relativistic 
effects which are associated with nondiagonal compo- 
nents of the metric tensor and have no Newtonian ana- 
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logue s (see. e.g.lNouri-Zonodl2004lKagramanova et al 



2008t Morozova and Ahmedovl 2009 , where solutions 
for electromagnetic waves and interferomctry in space- 
time with NUT parameter have been studied). Kerr- 
Taub-NUT spacetime with M axwell and dilaton fields is 
also recently inve stigated in ( Aliev et al. 20081). In our 
procee ding papers lMorozova et al.l ([20081 ) ; lAbduiabbarov 
( 20081 ) we have studied the magnetospheric structure 
and related effects in a plasma surrounding a ro- 
tating, magnetized neutron star and charged parti- 
cle motion around compact objects in the presence 
of the NUT parameter. General relativistic effects 
associated with the gravitomagnetic monopole mo- 
me nt of a gravitational source h a ve bee n investigated 
by Kagramanova and Ahmedov ( 20061 ) through the 
analysis of the motion of test particles and electro- 
magnetic fields distribution in the spacetime around 
the nonrotating cylindrical NUT source. The collision 
of two particles with the different rest masses mov- 
ing in the equatorial plane of a Kerr-Tau b -NUT space- 
time has been considered by iLiu et al.1 (|2011l ). The 
analytic solutions of Maxwell equations for infinitely 
long cylindrical conductors with nonvanishing electric 
charge and currents in the external background space- 
time of a l ine gravitomagnetic m onopole have been pre- 
sented bv lAhmedov et al.l (|2008h . 

Here we study the exterior electric field produced in 
the space-time of slowly rotating NUT star with dipolar 
magnetic field aligned along axis of rotation. 

This paper is organized as follows: in Section [5] the 
description of the model as well as derivation of the 
field equation is presented. The magnetic moment of 
the star is considered as non-varying in time as a result 
of infinite conductivity. In Section [3] the analytical so- 
lution for the electromagnetic field due to nonvanishing 
gravitomagnetic charge is presented. We discuss ob- 
tained results and features of the spacetime in Section|U 
Throughout, we use a space-like signature (— , +, +, +) 
and a system of units in which G = 1 = c, Greek indices 
run from to 3, Latin indices from 1 to 3. 



2 Electromagnetic Field Equations Around 
Magnetized Star with NUT parameter 

Our approach is based on the reasonable assumption 
that the metric of spacetime is known, i.e. neglecting 
the influence of the electromagnetic field on the gravi- 
tational one and finding analytical solutions of Maxwell 
equations on a given, fixed background. The next our 
approximation is in the specific form of the background 
metric in a spherical coordinate system (ct, r, 9, (ft) 
which we choose to be that of a stationary, axially sym- 
metric system truncated at the first order in the angular 



velocity f2 and in gra vitomagnetic monopole momen t 
I as (see, for exa mple, iDadhich and Turakulovl (|2002h : 



Bini et all (|2003l )) 



ds 2 
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r sin 



et al.fr 



-N 2 dt 2 + N- 2 dr 2 +r 2 d9 2 
-2 [u}(r)r 2 sin 2 9 + 21N 2 cos 0] dtd<f> , 



(1) 
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where parameter N = (1 — 2M/r) 1 and u>(r) = 
2J/r 3 can be interpreted as the angular velocity of a 
free falling (inertial) frame and is also known as the 
Lense-Thirring angular velocity, J = I(M, R)il is the 
total angular momentum of metric source with total 
mass M. The nondiagonal component of the metric 
tensor is finite at the infinity: lim r -i.oo 3o3 = —2lcos9 
which is meant that the metric (JlJ is not asymptotically 
flat. 

Here we will look for stationary solutions of the 
Maxwell equation, i.e. for solutions in which we as- 
sume that the magnetic moment of the star does not 
vary in time as a result of the infinite conductivity of the 
st ellar interior (see for the detail s of the stellar model 



Ahmedov and Fattovevl (|2008l )). We look for sepa- 



to 

rable solutions of Maxwell equations in the form 



B § (r,t 
B$(r,i 



= F(r)cos( 
= G(r) sin t 
= , 



(2) 



where functions F(r) and G(r) will account for the rel- 
ativistic corrections due to a curved background space- 
time. In the case of infinite conductivity and as far as 
the stationary magnetic field is concerned, the study of 
Maxwell equations in a slow rotation metric provides no 
additional information with respect to a non-rotating 
metric. The dependence from the frame dragging ef- 
fects and gravitomagnetic charge is therefore expected 
to appear at 0(uj 2 ,1 2 ). The stationary vacuum mag- 
netic field external to an align ed magnetized relativis- 
tic sta r is known and given by iGinzburg and Ozernov 
( 19651) 
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where fi is magnetic dipole. The search for the form 
of the electric field is much more involved than for the 
magnetic field. Howe ver, hereafter we will make use of 
the insight gained in iRezolla et al.l (|2001al ) as a guide 
and start the derivation of the solution by rewriting 
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vacuum Maxwell equations as 
21 cos 6 



sin9(ur 2 B^ 



sin 9 



' x r (sin 6B S ^ 



-u)N~ 
r rNE° 



-(N 2 B f ) r 

21N /cos 9 
r \ sin 9 



B< 



(5) 



N sin 9(r 2 E f ) r + r (sin 9E § ) ^ + rE^ = , (6) 

and which already indicate that the dragging of iner- 
tial frames with angular velocity uj and gravitomagnctic 
monopole / introduce electric fields in the surrounding 
space when magnetic fields are present. The exact solu- 
tion for the vacuum electric field can be represented by 
the sum E = E^ + E u + Ei, where the subscripts SI, ui, I 
indicate the fields generated by the rotation, the drag- 
ging of incrtial frames and gravitomagnctic charge, re- 
spectively Using as a refere nce the solutions for sl owly 
rotating magnetized sphere Rezolla et al. ( 2001al ). we 
look for the simplest solutions of vacuum Maxwell equa- 
tions in the form 
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The values of the arbitrary constants C\ , C2 and C3 
are found after imposing the continuity of the tangen 



tial electric field across the star surface Rezolla et al 



1 2001a! ) 



C x = - 



3R S 



C 2 

c 3 



AM 3 
F(R)R 
M 

1 

2M 2 
15R 2 



2M\ 2M f M 

hi + 1 + — 

R J R \ R 



— In iV 2 - 2 — — 

m R m 2 N 2 



Co 



In Nt 



2M 
~R~ 



(9) 

,(10) 
(11) 



with N 2 =N 2 (r = R) = l- 2M/R. 

For unknown components E"[ and Ef of the electric 
field we have the following set of differential equations 
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derived from the Maxwell equations ([5]) and ©. 



3 Electromagnetic Field due to nonvanishing 
Gravitomagnetic Charge 

In this section we will try to find exact analytical so- 
lution for electromagnetic field of magnetized neutron 
star due to nonvanishing gravitomagnetic charge. In- 
troducing new variables 
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and making some algebraic transformations one can 
write the equations (|12p and (|13[) in more convenient 
way 



r 2 N 2 F hrr + FifiO + 2MF ltr + 



cot 0F X 



F 2 .e = -N 2 Fx r sin0 . 



-(sin 0G),e = , 



(15) 
(16) 



The last term in the right hand side of the equa- 
tion (|15[) in the linear in I approximation and neglecting 
IM/r 2 <C 1 takes the following form 



sint 



( S xn9G) <e *^ C os6 + o(^p\ 



(17) 



Inserting these expansions into equation (|15p one can 
get the set of equations to be solved including (|T5)) and 
the following one: 



- 1) Fx M +Fx,gg+Fx, i +cot9F 1 , 



cos 9 = 0, 
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(18) 

which has been rewritten in new variable £ = r/2M. 

Solution of equation (fTS)) can be easily presented in 
the more convenient form, which has been rewritten in 
new nondimcnsional variables 



£(£ - !)/,« + U - 2/ = 



/// 



M 2 e 



(19) 



through two separate functions of different variables £ 
and as Fi(£,0) = /(£)cos6>. The equation JTSJ) can 
be solved analytically as 
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where C4 is the integration constant. 

According to the definition (fT4| the values of electric 
field E[ and E? produced by the effect of gravitomag- 
netic charge I are 
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where C4 can be easily found from boundary condition 
and has the following form: 
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For the models of neutron star in the present study 
we choose the following parameters R = 10 km and the 
polar surface field strength B(r = r/R = 1) = 10 12 G, 
period T = 1CT 2 s. Following this, we plot the ra- 
dial dependence of the external electric field for vari- 
ous values of I as shown in Fig. Q] The enhancement 
of the exterior electric field at the surface of the rela- 
tivistic star is given in Table Q] which varies for several 
times depending on parameter I selected. As can be 
seen from the presented graphs in Fig. Q] an additional 
electric field produced by NUT parameter is becoming 
extremely important outside the star depending on the 
value of parameter I selected and maybe more relevant 



to observational phenomenology from slowly rotating 
pulsars with low rotation period. 



4 Conclusion 

Here we have considered the external solution for elec- 
tromagnetic fields of magnetized neutron star in the 
presence of nonvanishing NUT parameter. The central 
object considered as slowly rotating and magnetic mo- 
ment of the latter is considered not changing by time. 
The dependence of the electromagnetic field from the 
NUT charge in analytical way is presented in this paper. 
In the previous works the upper limit for the gravito- 
magnetic charge has been obtained comparing astro- 
physical data with theoretical results as (the units of 
the gravitomagnetic charge are taken in units of stellar 
mass M = 1.5Mm) fi) I < 0.006M from the gravita- 
tional microlensing (jRahvar and Habibil 120041 ) . (ii) I < 
4.52M from the interferometry experiment s on ultra- 
cold atoms ( Morozova and Ahmedov 2009f ). (iii) and 
similar limit has been obtained fr om the experiments 



on M ach-Zchnder interferometer (jKagramanova et al 



20081 ). In the linear approximation in NUT parameter 
the external magnetic field depends only from mass of 
neutron star whereas exterior electric fields depend on 
the gravitomagnetic charge linearly. The detailed com- 
parison of the astrophysical data from pulsars related 
the electromagnetic phenomena might give one more 
precise astrophysical limit for the NUT parameter in 
this framework. 
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Fig. 1 Radial dependence of the radial (a) and azimuthal (b) components of the electric field of magnetized rotating star 
with nonvanishing NUT parameter for the different values of gravitomagnetic monopole momentum /. The units of the 
gravitomagnetic monopole momentum are taken in mass of the star with mass M = 1.5Mq. 



Table 1 The amplification of the magnitude of exterior electric field around the typical relativistic compact star with 
gravitomagnetic monopole momentum in the distance of R from the surface of the star. The mass of star is M = 1.5Mq, 
period T — 1CP 2 s and the radius is R = 10 km. The values of NUT parameter I are taken as usual in units of M, the 
values of electric field are taken in units 10 13 V/m. For the comparis on we also provide the valu e s for the exterior electric 
field c orresponding to the upper values of the NUT charge obtained bv lRahvar and Habibil l|2004 ); iMorozova and Ahmedovl 
(|2009l ). 



1 0.006 0.01 0.02 0.03 0.05 0.08 0.1 4.52 

Rahvar and Habibi (2004) Morozova and Ahmedov (2009) 
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1.14 1.61 2.12 3.18 4.81 5.90 
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